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LETTER TO THE EDITOR 

The boson realizations of the quantum group U,(s1(2)) 

Burdikt and 0 NavritilS 
t Nuclear Centre, Faculty of Mathematics and Physics, Charles University, 
V HoleSoviEkach 2, 180 00 Prague 8, Czechoslovakia 
$ Institue of Geology, Czechoslovak Academy of Sciences, Rozvojova 162, 
160 00 Prague 6, Czechoslovakia 

Received 4 September 1990 

Abstract. The method of construction of boson realizations of semisimple Lie algebras 
formulated in our previous paper ia applied to the case of the quantum group U,(s1(2)). 
The realizations are expressed in terms of the usual Weyl algebra. 

The theory of quantum groups has attracted great interest recently. In mathematics 
quantum groups are related to Hopf algebra (Drinfeld 1986) non-commutative geometry 
(Podles 1987) and the theory of knots and links (Witten 1989). In physics they are 
relevant for the theory of integrable systems (Sklyanin 1982, Kulish and Reshitikin 
19Sl), certain problems in statistical physics and the study of conformal field theories 
in two dimensions (Smit 1990). 

A realization (also canonical realization or boson representation) of a Lie algebra 
g denotes an expression of elements of g by means of polynomials in quantum variables 
ai, a t ,  which preserves the commutation relations of g. 

The construction of boson realizations of semisimple Lie algebras represents an 
interesting problem both mathematically and physically (Barut and Raczka 1977). In 
physics boson realizations of Lie algebras are used to study physical systems with 
symmetries in the framework of the canonical formalism (Schwinger 1965). 

In the paper by Burdik (1985) the method of constructing realizations for an 
arbitrary real semisimple algebra g was presented. It was shown that any induced 
representation can be rewritten as the so-called boson representation. The construction 
starts from a triangle decomposition g = n+OhOn- (Dixmier 1974). 

In recent papers (Biedenharn 1989, Macfarlane 1989, Hyashi 1990) the authors 
gave the q-oscillator representations of the quantum groups using a one-parameter 
quantum deformation of the Weyl algebra. But if we want to give a representation of 
the quantum groups by usual means we must study the representations of a deformed 
Weyl algebra. 

The purpose of this letter is to use our method of constructing realizations to the 
quantum case of algebra U,(s1(2)). We obtain the realization in terms of one canonical 
pair of the Weyl algebra W,. We believe that our method can be used to construct 
other simple quantum groups. 

Dejnition. The Weyl algebra W, is the associative algebra over C with the identity 
generated by two elements a and a+ which satisfy the relations 

[a ,  a'] = 1. (1) 
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Because we have: 
k 

[a, ( a a + ) k ]  = E ( ; ) ( m + ) k %  
f = 1  

f = 1  

we can complete W, by the analytic functions of aa+. 
We will use the functions: 

O0 (paa+)k 
fl(paa+)= c - 

k = O  k = o  ( k + l ) !  

and we obtain using the above relations (2) that 

[a ,  a+f1(/3aa')l 

(3)  

De$nition. The quantum group U,(sl( 2)) is generated alge,raically -y the operators 
J + ,  J- and J, obeying the Lie bracket (commutator relations) 

[J,, J+1= J+ ( 5 )  

[J,, 5-3 = -J- ( 6 )  

We denote w = log(q), a = ( q  'I2 - q-1/2)-1 and by a very simple calculation we 
obtain 

(8) 

T:u,(S1(2))-* w2. ( 9 )  

e"':(~+)" =(.I+)" e w (  J ,  + n ) e - w - ' . ( ~ + ) n  = (J+)" e-w(J :+n)  

Definition. A realization of a quantum algebra U,(s1(2)) is a homomorphism T 
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On the other hand if we have defined T(J,) ,  T(J , )  and the relations (10) hold we can 
extend the mapping T to the homomorphic mapping of the quantum group U,(s1(2)) 
into W2.  

The starting point of our construction for the simple Lie algebras was the triangle 
decomposition and Verma modules (for details see Burdik 1985). Analogously we 
construct the Verma modules for the quantum groups U,(s1(2)). 

The representation space form the vectors In) = (J,)" and for the Verma modules 
pA we obtain 

PA(J+)ln)=J+(J+)" 

PA ( J z  ) I n) = J z  ( J + )  = ( J + )  " J z  + n ( J + )  " = ( n + A ) 1 n) 

= - w ( Y 2 ( e w ( A - l / 2 )  f i ( w n )  - e - w ( A - 1 / 2 )  f1(-wn))nln - 1). 

Now we obtain the realization of the quantum algebra U,(s1(2)) in this way. If we 
define on the representation space the operators a, a+ by the relations 

a l n ) = l n + l )  

a+ln) = -nln - 1) 

we can rewrite the Verma modules pA using the operators 

PA ( J + )  = a 

P , , ( J ~ ) = - U U + + A  (13) 
p , ( ~ - )  = wa2a+(ew(A-1'2) fl(-waa+) - e-W(A'-l/*) 

fl ( waa +)). 

By direct calculation we prove that the mapping (13) fulfils the relations (10) 
abstractly and not only on ket vectors that terminate with the vacuum ket. 

In this letter we have presented a construction of boson realizations of the quantum 
group U,(s1(2)). The realizations are in the usual quantum variables U ,  a+ without 
deformations used in previous papers (Biedenharn 1989, Macfarlane 1989, Hyashi 
1990) and are consequently the realization on the abstract level not only in the vacuum 
representation (see a remark in Bidenham 1989 p L875). We premise that a realization 
of this type could play a role in representation theory and the application of the 
quantum group in physics and mathematics because the representation theory of the 
usual Weyl group is very well known. However, we expect that our method gives the 
realization for other quantum groups. Some positive indications have been obtained 
already and the results will be presented in a forthcoming paper. 

The authors are grateful to the members of the seminar of quantum groups in Prague 
especially Drs M HavliEek, M Hlavaty and M Bednai for useful discussions. 
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